Gorenstein derived categories  by Gao, Nan & Zhang, Pu
Journal of Algebra 323 (2010) 2041–2057Contents lists available at ScienceDirect
Journal of Algebra
www.elsevier.com/locate/jalgebra
Gorenstein derived categories✩
Nan Gao a, Pu Zhang b,∗
a Department of Mathematics, Shanghai University, Shanghai 200444, China
b Department of Mathematics, Shanghai Jiao Tong University, Shanghai 200240, China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 31 March 2009
Communicated by Luchezar L. Avramov
Keywords:
Gorenstein-projective modules
Gorenstein derived categories
Gorenstein derived equivalences
Gorenstein derived categories are deﬁned, and the relation with
the usual derived categories is given. The bounded Gorenstein
derived categories of Gorenstein rings and of ﬁnite-dimensional
algebras are explicitly described via the homotopy categories of
Gorenstein-projective modules, and some applications are obtained.
Gorenstein derived equivalences between CM-ﬁnite Gorenstein
algebras are discussed.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction and preliminaries
This paper is to study Gorenstein derived categories, which intend to close a gap of the corre-
sponding version of derived categories in Gorenstein homological algebra.
1.1. The main idea of Gorenstein homological algebra is to replace projective modules by Gorenstein-
projective modules. These modules were introduced by Enochs and Jenda [EJ1] as a generalization
of ﬁnitely generated module of G-dimension zero over a two-sided noetherian ring, in the sense of
Auslander and Bridger [AB]. The subject has been developed to an advanced level, see for example
[ABu,AR,Hap,EJ2,Ch,AM,Hol,B,CFH,BR,J]. It is natural to study the corresponding version of the derived
category in this context.
1.2. Although the usual derived category have been used effectively in Gorenstein homological algebra,
the Gorenstein derived category, which makes Gorenstein quasi-isomorphisms become isomorphisms,
has some advantages in the relative setting. For example, the Gorenstein derived functors can be
interpreted as the Hom functors of the Gorenstein derived category; the dimension of the bounded
Gorenstein derived category is an upper bound of the one of the bounded derived category; and
Gorenstein derived equivalences relate to derived equivalences.
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with ∗ ∈ {blank,−,b} is deﬁned as the Verdier quotient of the homotopy category K ∗(A) with re-
spect to the thick triangulated subcategory K ∗gpac(A) of Gorenstein-projective acyclic complexes. It
is the derived category in the sense of Neeman [N], of a special exact category (see Remark (i)
in 2.3). In Section 2, its relation with the usual derived category D∗(A) is given and some analogs
of the basic results in D∗(A) are proved in D∗gp(A). In Section 3, we explicitly describe the bounded
Gorenstein derived category Dbgp( f GP) of the full subcategory f GP of objects with ﬁnite Gorenstein-
projective dimension, in particular, the bounded Gorenstein derived category of a Gorenstein ring, and
the bounded Gorenstein derived category Dbgp(A-Mod) of a ﬁnite-dimensional algebra A. As applica-
tions, the Gorenstein extension groups ExtnA-GP (M,N) are interpreted as HomDbgp(A)(M,N[n]); and
an upper bound of dim Dbgp(A-mod) in the sense of Rouquier [Ro] is given for CM-ﬁnite Gorenstein
algebra A. In Section 4 Gorenstein derived equivalences between CM-ﬁnite Gorenstein algebras are
discussed.
1.3. Throughout A is an abelian category with enough projective objects, PA , or simply P , is the
full subcategory of projective objects. For ∗ ∈ {blank,−,b}, K ∗(A) and D∗(A) are respectively the
corresponding homotopy category and the derived category of A. For complexes X• and Y • , write
HomA(X•, Y •) for the Hom complex (wherever Hom complexes occur in this paper, the necessary
product will always exist due to boundedness on the complexes involved). We will often use the
formula HomK (A)(X•, Y •[n]) = Hn HomA(X•, Y •), ∀n.
For the representation theory of Artin algebras and ﬁnite-dimensional algebras we refer to [ARS]
and [Rin]. For triangulated categories we refer to [Har,V1,K]. Given a triangulated subcategory B of a
triangulated category K, in the Verdier quotient K/B = S−1K, where S is the compatible multiplica-
tive system determined by B, each morphism f : X −→ Y is given by an equivalence class of right
fractions as presented by X
s⇐ Z a−→ Y , where the double arrow means s ∈ S .
1.4. An object G of A is Gorenstein-projective if there is an exact sequence · · · −→ P1 −→ P0 −→
P0 −→ P1 −→ · · · of projective objects of A, which stays exact after applying HomA(−, P ) for each
P ∈ P , such that G ∼= Im(P0 −→ P0) (see [EJ2]). Let A-GP , or simply GP , be the full subcategory
of Gorenstein-projective objects. Then GP is resolving (see [Hol]) in the sense of [AR]: it contains all
the projective objects, is closed under direct summands, extensions, and the kernels of epimorphisms.
Also, it is closed under arbitrary direct sums if A has arbitrary direct sums, and is a Frobenius cate-
gory with projective objects as projective-injective objects.
Let R be a ring, and R-Mod and R-mod be the category of left R-modules and ﬁnitely generated
R-modules, respectively. We will take A = R-Mod, or A = R-mod when R is left noetherian. In the
ﬁrst case write R-P for PA , and R-GP for A-GP ; in the second case write R-proj for PA , and
R-Gproj for A-GP . Then R-Gproj = (R-GP) ∩ R-mod.
2. Gorenstein derived categories
2.1. A complex C• is GP-acyclic, if HomA(G,C•) is acyclic for each G ∈ GP . It is also called proper
exact for example in [AM]. Since C• is acyclic if and only if HomA(P ,C•) is acyclic for each P ∈ P ,
a GP-acyclic complex is acyclic. By Lemma 2.4 in [CFH] a complex C• is GP-acyclic if and only if
HomA(G•,C•) is acyclic for each G• ∈ K−(GP).
A chain map f • : X• −→ Y • is a GP-quasi-isomorphism, if HomA(G, f •) is a quasi-isomorphism
for each G ∈ GP , i.e., there are isomorphisms of abelian groups
HnHomA
(
G, f •
)
: HnHomA
(
G, X•
)∼= HnHomA(G, Y •), ∀n ∈ Z, ∀G ∈ GP.
Since f • : X• −→ Y • is a quasi-isomorphism if and only if HomA(P , f •) is a quasi-isomorphism for
each P ∈ P , a GP-quasi-isomorphism is a quasi-isomorphism.
We need the following facts.
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if HomA(G•, f •) is a quasi-isomorphism for each G• ∈ K−(GP); or equivalently, there are isomorphisms of
abelian groups for each G• ∈ K−(GP):
HomK (A)
(
G•, f •[n]): HomK (A)(G•, X•[n])∼= HomK (A)(G•, Y •[n]), ∀n ∈ Z.
Lemma 2.2.
(i) Let G• ∈ K−(GP), and f • : X• −→ G• be a GP-quasi-isomorphism. Then there is a chain map
g• : G• −→ X• such that f •g• is homotopic to IdG• .
(ii) Let f • : G• −→ Q • be a GP-quasi-isomorphism with G•, Q • ∈ K−(GP). Then f • is a homotopy equiv-
alence.
Proof. (i) By Lemma 2.1 one has HomK (A)(G•, f •): HomK (A)(G•, X•) ∼= HomK (A)(G•,G•), from
which the assertion follows.
(ii) Using (i) twice. 
2.2. Put K ∗gpac(A) := {X• ∈ K ∗(A) | X• is GP-acyclic}, where ∗ ∈ {blank,−,b}.
For each class C of objects in a triangulated category T , the full subcategory given by C⊥ =
{Y ∈ T | HomT (X[n], Y ) = 0, ∀X ∈ C, ∀n ∈ Z} is clearly a triangulated subcategory closed under
direct summands, and hence thick by Rickard’s criterion [Ric2].
Now, by deﬁnition X• ∈ K ∗(A) if and only if
0 = HnHomA
(
G, X•
)= HomK ∗(A)(G[−n], X•), ∀G ∈ A-GP, ∀n ∈ Z,
i.e., K ∗gpac(A) = (A-GP)⊥. It follows that K ∗gpac(A) is a thick triangulated subcategory of K ∗(A). Given
a chain map f • : X• −→ Y • , for each G ∈ GP we have the exact sequence
· · · −→ Hn−1 HomA
(
G,Con
(
f •
))−→ HnHomA(G, X•) Hn HomA(G, f •)−→ HnHomA(G, Y •)
−→ HnHomA
(
G,Con
(
f •
))−→ · · · ,
from which we see that f • : X• −→ Y • is a GP-quasi-isomorphism if and only if the mapping cone
Con( f •) is GP-acyclic. Then by Verdier’s correspondence we have
Lemma 2.3. K ∗gpac(A) is a thick triangulated subcategory of K ∗(A), and the corresponding compatible satu-
rated multiplicative system is the collection of all the GP-quasi-isomorphisms in K ∗(A).
2.3. By Lemma 2.3 we get triangulated category
D∗gp(A) := K ∗(A)/K ∗gpac(A), ∗ ∈ {blank,−,b}
which is called the (corresponding) Gorenstein-projective derived category. We will omit the word “pro-
jective”.
Remark.
(i) Note that D∗gp(A) is in fact the derived category in sense of Neeman [N], of the exact cate-
gory (A,Egp) in the sense of Quillen, where Egp is the collection of all the short proper exact
sequences in A.
(ii) Note that for each additive full subcategory X of A, D∗gp(X ) := K ∗(X )/K ∗gpac(X ) is also well
deﬁned.
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triangle-equivalent to D∗gp(A).
Examples.
(i) If every object of A has ﬁnite projective dimension, then A-GP = P (see e.g. Proposition 10.2.3
of [EJ2]), and hence D∗gp(A) coincides with the derived category D∗(A).
(ii) If A is a Frobenius category (for example A = A-mod with A a ﬁnite-dimensional self-injective
algebra), then A-GP = A, and hence D∗gp(A) = K ∗(A).
2.4. The relation between D∗gp(A) and D∗(A) follows from the following general result.
Lemma 2.4. (See [V2, Corollaire 4-3].) Let K1 , K2 be triangulated subcategories of triangulated category K,
and K2 a full subcategory of K1 . Then there is an isomorphism of triangulated categories (K/K2)/(K1/K2) ∼=
K/K1 .
Put K ∗ac(A) := {X• ∈ K ∗(A) | X• is acyclic}. It follows from Lemma 2.4 that
Corollary 2.5. For ∗ ∈ {blank,−,+}, there is an isomorphism of triangulated categories
D∗(A) ∼= D∗gp(A)/
(
K ∗ac(A)/K ∗gpac(A)
)
.
Thus, the quotient functor D∗gp(A) −→ D∗(A) is an equivalence if and only if every Gorenstein-projective
object is projective.
Proof. The quotient functor D∗gp(A) −→ D∗(A) is an equivalence if and only if K ∗ac(A) = K ∗gpac(A), if
and only if each quasi-isomorphism in K ∗(A) is a GP-quasi-isomorphism.
Assume each quasi-isomorphism in K ∗(A) is a GP-quasi-isomorphism. Let G be a Gorenstein-
projective object, and 0 −→ X −→ Y g−→ Z −→ 0 be a short exact sequence. Then g induces
a quasi-isomorphism g• , so g• is a GP-quasi-isomorphism, and hence 0 −→ HomA(G, X) −→
HomA(G, Y ) −→ HomA(G, Z) −→ 0 is exact. Thus G is projective. 
Remark. By Corollary 2.5, and Lemma 3.4 in [Ro], we have dim Db(A)  dim Dbgp(A), where the
dimension is in the sense of Rouquier [Ro].
2.5. We need the following fact (see e.g. [K, Lemma 10.3]).
Lemma 2.6. Let B and D be triangulated subcategories of triangulated category C . If one of the following
conditions is satisﬁed, then the canonical triangle functor D/D ∩ B −→ C/B is fully faithful.
(i) Each morphism X −→ B with B ∈ B and X ∈ D admits a factorization X −→ B ′ −→ B with B ′ ∈ D ∩B.
(ii) Each morphism B −→ Y with B ∈ B and Y ∈ D admits a factorization B −→ B ′ −→ Y with B ′ ∈ D ∩B.
Proposition 2.7. D−gp(A) is a triangulated subcategory of Dgp(A); and Dbgp(A) is a triangulated subcategory
of D−gp(A), and hence of Dgp(A).
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Lemma 2.6(ii). Let f • : X• −→ B• be a chain map with B• ∈ Kgpac(A) and X• ∈ K−(A). We may
assume that Xi = 0 for i > 0. Then f • admits the following natural factorization:
X•: · · ·
f •
X−1 X0 0 0 · · ·
B ′ •: · · · B−1 B0 Imd0 0 · · ·
B•: · · · B−1 B0 B1 B2 · · ·
Since B• is GP-acyclic, in order to prove that B ′ • is GP-acyclic, it suﬃces to prove that
HomA
(
G, B−1
) d−1∗−→ HomA(G, B0) d˜0∗−→ HomA(G, Imd0) −→ 0 (∗)
is exact for each G ∈ GP , where d˜0 : B0 −→ Imd0 is induced by d0. Since B• is acyclic, 0 −→
HomA(G, Imd0)
σ−→ HomA(G, B1) −→ HomA(G, B2) is exact. Consider the following commutative
diagram in which the ﬁrst row is exact
Hom(G, B−1)
d−1∗
Hom(G, B0)
d˜0∗
d0∗
Hom(G, B1)
d1∗
Hom(G, B2)
Hom(G, Imd0)
σ
Since σ is injective, it follows that Ker d˜0∗ = Kerd0∗ = Imd−1∗ ; and
Im d˜0∗ ∼= Imd0∗ = Kerd1∗ ∼= HomA
(
G, Imd0
)
,
i.e., (∗) is exact. 
2.6. The following result makes the morphisms in Dgp(A) easier to understand.
Proposition 2.8. Let G• ∈ K−(GP) and Y • be an arbitrary complex. Then Q : f • → f •IdG• gives an isomor-
phism HomK (A)(G•, Y •) ∼= HomDgp(A)(G•, Y •) of abelian groups.
In particular, Kb(GP) and K−(GP) can be viewed as triangulated subcategories of Dbgp(A) and D−gp(A),
respectively.
Proof. If f
•
IdG• = 0, then by the calculus of right fractions there is a GP-quasi-isomorphism
t• : X• −→ G• such that there is a homotopy f •t• ∼ 0. By Lemma 2.2(i) there is a GP-quasi-
isomorphism g• : G• −→ X• such that t•g• ∼ IdG• . Thus f • ∼ 0. For each f •s• ∈ HomDgp(A)(G•, Y •),
by Lemma 2.2(i) there is a GP-quasi-isomorphism g• : G• −→ X• such that s•g• ∼ IdG• . This implies
that f
•
s• = f
•g•
IdG• = Q ( f •g•). This completes the proof. 
2.7. Let F : A −→ Dbgp(A) be the composition of the embedding A −→ Kb(A) and the localization
functor Kb(A) −→ Dbgp(A). We have
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Proof. Let f ∈ HomA(X, Y ). If F ( f ) = 0, then there is a GP-quasi-isomorphism s• : Z• −→ X such
that there is a homotopy f s• ∼ 0. Thus H0( f )H0(s•) = 0. Since H0(s•) is an isomorphism, f = 0. Let
a•
s• : X
s•⇐ Z• a•−→ Y be a map in HomDgp(A)(X, Y ) with s• a GP-quasi-isomorphism. Then H0(s•):
H0(Z•) ∼= X in A. Put f := H0(a•)H0(s•)−1 ∈ HomA(X, Y ). Consider the truncation U • = · · · −→
Z−2−→Z−1 d−1−→ Kerd0 −→ 0 of Z• and the canonical map i• : U • ↪→ Z• . Since s• is a GP-quasi-
isomorphism, so is s•i• . We get the diagram of complexes
Z•
s• a•
X U •
s• i•
s• i•
i•
a• i•
Y
X
IdX f
It suﬃces to show f s•i• = a•i• . By the commutative diagram
U •
i•
Z•
s•
H0(Z•)
H0(s•)
X
we have f s•i• = H0(a•)H0(s•)−1s•i• = a•i• . This proves F ( f ) = fIdX = a
•
s• . 
3. Bounded Gorenstein derived categories
3.1. A proper Gorenstein-projective resolution of object M is an exact sequence E• = · · · −→ G1 −→
G0 −→ M −→ 0 such that all Gi ∈ GP , and that HomA(G, E•) stays exact for each G ∈ GP . The
second requirement guarantees the uniqueness of such a resolution in the homotopy category (the
Comparison Theorem; see [EJ2, p. 169]). It is an interesting problem when every object has a proper
Gorenstein-projective resolution, or, equivalently, when A-GP is contravariantly ﬁnite in A (see
[ABu,AR,EJ2,J] for more information).
The Gorenstein-projective dimension GP dimM of M is deﬁned to be the smallest integer n 0 such
that there is an exact sequence 0 −→ Gn −→ · · · −→ G1 −→ G0 −→ M −→ 0 with all Gi ∈ GP , if it
exists; and GP dimM = ∞ if there is no such exact sequence of ﬁnite length. Clearly GP dimM 
proj.dimM .
Lemma 3.1. (See [Hol, Theorem 2.10].) If GP dimM = n < ∞, then M admits a proper Gorenstein-projective
resolution 0 −→ Gn −→ · · · −→ G1 −→ G0 −→ M −→ 0.
Note that ﬁnite-dimensional algebra A over a ﬁeld k has a dualizing complex Homk(A,k). Com-
bined with Setup 1.4’, Theorems 1.10 and 2.11 of Jørgensen [J] we have
Lemma 3.2. (See [J].) If A is a ﬁnite-dimensional algebra, then each module M (not necessarily ﬁnitely
generated) admits a proper Gorenstein-projective resolution G• −→ M −→ 0. In other words, A-GP is con-
travariantly ﬁnite in A-Mod.
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Auslander and Reiten in [AR, Proposition 6.12], a positive answer is equivalent to the Gorenstein
symmetric conjecture. On the other hand there exists a ring R such that R-Gproj is not contravariantly
ﬁnite in R-mod [T].
3.2. Let X be an additive full subcategory of A. We need the following fact.
Lemma 3.3. Assume that for every X• ∈ Kb(X ) there is a GP-quasi-isomorphism GX• −→ X• with GX• ∈
K−(GP). Then there is a functor Ψ : Kb(X ) −→ K−(GP) such that Ψ (X•) = GX• , and a GP-quasi-
isomorphism φX• : Ψ (X•) −→ X• for each X• ∈ Kb(X ), such that φX• is functorial in X• .
Proof. Let X•, Y • ∈ Kb(X ). By assumption we have GP-quasi-isomorphisms φX• : GX• −→ X•
and φY• : GY• −→ Y • . Then by Lemma 2.1, φY• induces an isomorphism HomK−(A)(GX• ,GY• ) ∼=
HomK−(A)(GX• , Y •). So, for each chain map f • : X• −→ Y • , there is a unique g• : GX• −→ GY• such
that the diagram
GX•
φX•
g•
X•
f •
GY•
φY•
Y •
commutes. Taking Y • = X• and f • = IdX• , we see that such a GX• is uniquely determined by X• ,
up to a homotopy equivalence. So one can deﬁne functor Ψ by Ψ (X) = GX• and Ψ ( f •) = g• . By the
commutative diagram above φX• is functorial in X
• . 
3.3. Deﬁne K−,gpb(GP) to be the full subcategory of K−(GP) by
K−,gpb(GP) := {X• ∈ K−(GP) ∣∣ ∃n = n(X•) ∈ Z, such that Hi HomA(G, X•)= 0,
∀i  n, ∀G ∈ GP}.
As in 2.2 we see that K−,gpb(GP) is a thick triangulated subcategory of K−(GP). It is clear that for
each i ∈ Z and X• ∈ K (A), if Hi HomA(G, X•) = 0, ∀G ∈ GP , then Hi(X•) = 0.
Denote by f GP the full subcategory of A consisting of objects with ﬁnite Gorenstein-projective
dimension. Then f GP is an additive category and hence Kb( f GP) is a triangulated category.
Proposition 3.4.
(i) There exists a functor Ψ : Kb( f GP) −→ Kb(GP), and a GP-quasi-isomorphism φX• : Ψ (X•) −→ X•
for each X• ∈ Kb( f GP), which is functorial in X• . Moreover, the inclusion Kb(GP) −→ Kb( f GP) is
a left adjoint of Ψ .
(ii) Let A be a ﬁnite-dimensional algebra. Then there exists a functor Ψ : Kb(A-Mod) −→ K−,gpb(A-GP),
and a GP-quasi-isomorphism φX• : Ψ (X•) −→ X• for each X• ∈ Kb(A-Mod), which is functorial in X• .
Proof. Put X to be f GP , or A-Mod. In order to get functor Ψ , by Lemma 3.3 it suﬃces to prove that
for X• ∈ Kb(X ) there is a GP-quasi-isomorphism GX• −→ X• , with GX• ∈ Kb(GP) in the case of (i),
and GX• ∈ K−,gpb(A-GP) in the case of (ii). We do this by induction on the width w(X•), the number
of non-zero components of X• .
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have a GP-quasi-isomorphism φX• : GX• −→ X• , with GX• ∈ Kb(GP) in the case of (i), and GX• ∈
K−,gpb(A-GP) in the case of (ii).
Assume w(X•)  2, with X j = 0 and Xi = 0 for i < j. Then in Kb(X ) we have the distinguished
triangle X•1
u−→ X•2 −→ X• −→ X•1[1], where X•1 := X j[− j − 1], X•2 := X•> j . By induction there existGP-quasi-isomorphisms
φ1 : GX•1 −→ X
•
1, φ2 : GX•2 −→ X
•
2
with G
X•1
,G
X•2
∈ Kb(GP) in the case of (i), and G
X•1
,G
X•2
∈ K−,gpb(A-GP) in the case of (ii). Then by
Lemma 2.1, φ2 induces an isomorphism
HomK−(X )(GX•1 ,GX•2 )
∼= HomK−(X )
(
G
X•1
, X•2
)
.
So, there is a morphism f • : G
X•1
−→ G
X•2
, which is unique up to homotopy, such that φ2 ◦ f • = u ◦φ1.
Put GX• to be the mapping cone of f
• . From the distinguished triangle in G
X•1
f •−→ G
X•2
−→ GX• −→
G
X•1
[1] K−(GP) we see that GX• ∈ Kb(GP) in the case of (i), and that GX• ∈ K−,gpb(A-GP) in the
case of (ii) (this can be seen from the long exact sequence obtained by applying HomK−(A)(G,−) to
the distinguished triangle above, and from the inductive hypothesis G
X•1
,G
X•2
∈ K−,gpb(A-GP)). By the
axiom of a triangulated category, there is φX• : GX• −→ X• such that the following diagram commutes
G
X•1
f •
φ1
G
X•2
φ2
GX•
φX•
G
X•1
[1]
φ1[1]
X•1
u
X•2 X• X•1[1].
For each Gorenstein-projective object Q we have the commutative diagram with exact rows
(Q ,G
X•1
)
(φ1)∗
(Q ,G
X•2
)
(φ2)∗
(Q ,GX• )
(φX• )∗
(Q ,G
X•1
[1])
(φ1[1])∗
(Q ,G
X•2
[1])
(φ2[1])∗
(Q , X•1) (Q , X•2) (Q , X•) (Q , X•1[1]) (Q , X•1[1])
where (Q ,−) denotes the functor HomK−(A)(Q , [n](−)). Since φ1 and φ2 are GP-quasi-isomorphisms,
it follows that (φ1)∗ , (φ2)∗, (φ1[1])∗, (φ2[1])∗ are isomorphisms, and hence (φX•)∗ is an isomorphism
for each n, i.e., φX• is a GP-quasi-isomorphism.
Observe that in the case of (i), the GP-quasi-isomorphism φY• : GY• −→ Y • induces an isomor-
phism HomKb( f GP)(Q •, Y •) ∼= HomKb(GP)(Q •,GY• ), which is functorial both in Q • ∈ Kb(GP), and
in Y • ∈ Kb( f GP) by Lemma 3.3, i.e., Ψ is a right adjoint of the inclusion Kb(GP) −→ Kb( f GP). This
completes the proof. 
3.4. Denote by Kbgpac( f GP) the bounded homotopy category of GP-acyclic complexes of objects in
f GP . As in the proof of Lemma 2.3 one can see that Kbgpac( f GP) is a thick triangulated subcategory
of Kb( f GP). Deﬁne Dbgp( f GP) := Kb( f GP)/Kbgpac( f GP). Note that f GP is not an abelian category
in general. However Dbgp( f GP) is still well deﬁned (cf. Remark (ii) in 2.3). By Lemma 2.3 the saturated
multiplicative system determined by Kbgpac( f GP) is the class of GP-quasi-isomorphisms in Kb( f GP).
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argument as in the proof of Proposition 2.8 we have
Lemma 3.5. Let G• ∈ Kb(GP) and Y • ∈ Kb( f GP). Then Q : f • → f •IdG• gives an isomorphism
HomKb( f GP)(G•, Y •) ∼= HomDbgp( f GP)(G•, Y •) of abelian groups.
In particular, Kb(GP) can be viewed as a triangulated subcategory of Dbgp( f GP).
3.5. Now we state the main result of this section.
Theorem 3.6.
(i) Let A be an abelian category with enough projective objects. Then there is a triangle-equivalence
Dbgp( f GP) ∼= Kb(GP).
(ii) Let A be a ﬁnite-dimensional algebra. Then there is a triangle-equivalence Dbgp(A-Mod) ∼= K−,gpb(A-GP).
Proof. (i) Let F : Kb(GP) −→ Dbgp( f GP) be the composition of the embedding Kb(GP) ↪→ Kb( f GP)
and the localization functor Q : Kb( f GP) −→ Dbgp( f GP). By Proposition 3.4(i) F is dense; and by
Lemma 3.5 F is fully faithful.
(ii) Let F : K−,gpb(A-GP) −→ D−gp(A-Mod) be the composition of the embedding K−,gpb(A-GP) ↪→
K−(A-Mod) and the localization functor Q : K−(A-Mod) −→ D−gp(A-Mod). For each complex X• ∈
K−,gpb(A-GP), by deﬁnition there is an n ∈ Z such that Hi HomA(G, X•) = 0 for i  n and for each
Gorenstein-projective module G . By the left exactness of HomA(G,−), the following chain map is a
GP-quasi-isomorphism
X•: · · ·
f •
Xn−2 Xn−1 Xn Xn+1 · · ·
τn−1X•: · · · 0 Kerdn Xn Xn+1 · · ·
It follows that F (X•) ∼= τn−1X• ∈ Dbgp(A-Mod) (note that Dbgp(A-Mod) is a full subcategory
of D−gp(A-Mod)), that is, the image of F falls in Dbgp(A-Mod), and hence F induces a functor
K−,gpb(A-GP) −→ Dbgp(A-Mod), again denoted by F . Then by Proposition 3.4(ii) F is dense; and
by Propositions 2.8 and 2.7 F is fully faithful. 
3.6. A ring R is Gorenstein if R is two-sided noetherian and R has ﬁnite injective dimension, both
as left and right R-module. A Gorenstein ring R is n-Gorenstein, if inj.dim R R  n < ∞. In this case
inj.dim RR  n [EJ2, 9.1.9]. Quasi-Frobenius rings are exactly the 0-Gorenstein rings.
Lemma 3.7. (See [EJ2, 11.5.1, 11.5.2].) Let R be an n-Gorenstein ring. Then every R-module M has a proper
Gorenstein-projective resolution 0 −→ Gn −→ · · · −→ G0 −→ M −→ 0; and every ﬁnitely generated R-
module M has a proper Gorenstein-projective resolution 0 −→ Gn −→ · · · −→ G0 −→ M −→ 0 with all
Gi ∈ R-Gproj.
Corollary 3.8. Let R be a Gorenstein ring. Then there are triangle-equivalences
Dbgp(R-Mod) ∼= Kb(R-GP), and Dbgp(R-mod) ∼= Kb(R-Gproj).
Proof. Take A = R-Mod, or A = R-mod. In the both cases f GP = A by Lemma 3.7, and then the
equivalences follow from Theorem 3.6(i). 
By Theorem 3.6(ii) we have
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3.7. An additive category C is Krull–Schmidt if each object X has a decomposition X = X1 ⊕ · · · ⊕ Xn ,
such that each Xi is indecomposable with local endomorphism ring. In this case, each object has a
unique (up to order) direct decomposition into indecomposables. See Ringel [Rin, p. 52].
Corollary 3.10. Let A be a ﬁnite-dimensional Gorenstein algebra. Then Kb(A-Gproj), and hence Dbgp(A-mod),
is Krull–Schmidt.
Proof. Since A-Gproj is closed under direct summands, it follows from Proposition A.2 in [BD] that
Kb(A-Gproj) is a Krull–Schmidt category, and so is Dbgp(A-mod) by Corollary 3.8. 
3.8. Let A be an abelian category with enough projective objects, and n ∈ Z. We deﬁne the Gorenstein
extension functor ExtnA-GP (−1,−2) : Aop × A −→ Z-Mod to be HomDbgp(A)(−1, [n](−2)).
We thank the referee for the suggestion to add the following proposition. For the similar result
with different method we refer to Propositions 4.4 and 4.6 in [AM].
Proposition 3.11. Let A be an abelian category with enough projective objects, N = 0 −→ N f−→ N ′ g−→
N ′′ −→ 0 be a proper exact sequence in A. Then
(i) For each object M ∈ A there exist Z-maps ∂nGP (M,N), which are natural in M and N, such that the
following sequence is exact
· · · −→ ExtnA-GP (M,N)
ExtnA-GP (M, f )−→ ExtnA-GP
(
M,N ′
) ExtnA-GP (M,g)−→ ExtnA-GP(M,N ′′)
∂nGP (M,N)−→ Extn+1A-GP (M,N) −→ · · ·
(ii) For each object M ∈ A there exist Z-maps ∂nGP (N,M), which are natural in M and N, such that the
following sequence is exact
· · · −→ ExtnA-GP
(
N ′′,M
) ExtnR-GP (g,M)−→ ExtnA-GP(N ′,M) ExtnA-GP ( f ,M)−→ ExtnA-GP (N,M)
∂nGP (N,M)−→ Extn+1A-GP
(
N ′′,N
)−→ · · ·
Proof. Since N is proper exact, g induces a GP-quasi-isomorphism in Kb(A)
0 N
f
N ′
g
0
0 0 N ′′ 0
and hence g is an isomorphism in Dbgp(R-Mod). Thus we have the distinguished triangle N
f−→
N ′ g−→ N ′′ −→ N[1] in Dbgp(A). Applying the cohomological functors HomDbgp(A)(M,−) and
HomDbgp(A)(−,M) respectively to this distinguished triangle, we get the desired long exact se-
quences. 
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ExtnG(M,N): if M ∈ A has a proper Gorenstein-projective resolution G• −→ M −→ 0, then for each
object N ∈ A,
ExtnG(M,N) := HnHomA
(
G•,N
)
.
Note that ExtnG(M,N) is only well deﬁned for those objects M having proper Gorenstein-projective
resolutions. The following result shows that if M has a proper Gorenstein-projective resolution, then
ExtnA-GP (M,N) coincides with Ext
n
G(M,N).
Theorem 3.12. Let A be an abelian category with enough projective objects, M an object in A admit-
ting a proper Gorenstein-projective resolution, and N be an arbitrary object in A. Then ExtnA-GP (M,N) =
ExtnG(M,N), ∀n ∈ Z.
In particular if R is a Gorenstein ring or a ﬁnite-dimensional algebra, M and N are R-modules, then
ExtnR-GP (M,N) = ExtnG(M,N), ∀n ∈ Z.
Proof. Let G• −→ M −→ 0 be a proper Gorenstein-projective resolution of M . Then M ∼= G• in
D−gp(A). By Propositions 2.7 and 2.8 we have
ExtnA-GP (M,N) = HomDbgp(A)
(
M,N[n])
= HomD−gp(A)
(
G•,N[n])
∼= HomK−(A)
(
G•,N[n])
= HnHomA
(
G•,N
)
= ExtnG(M,N).
The last assertion then follows from Lemmas 3.7 and 3.2. 
3.9. We need the following well-known result (see Corollary 11.5.3 in [EJ2]).
Lemma 3.13. If R is a Gorenstein ring, then R-GP = ⊥P and R-Gproj = ⊥R, where
⊥P = {G ∈ R-Mod ∣∣ ExtiR(G, P ) = 0, ∀i  1, ∀P ∈ P},
and
⊥R = {G ∈ R-mod ∣∣ ExtiR(G, R) = 0, ∀i  1}.
The following fact is also well known, and the proof is a standard use of Lemma 3.13.
Lemma 3.14.
(i) If R is a 1-Gorenstein ring, then R-GP and R-Gproj are closed under taking submodules.
(ii) If R is an n-Gorenstein ring (n 2), and
Gn−1
fn−1−→ Gn−2 −→ · · · −→ G1 f1−→ G0
is an exact sequence in R-GP (resp. in R-Gproj), then Ker fn−1 ∈ R-GP (resp. Ker fn−1 ∈ R-Gproj).
In particular, if R is 2-Gorenstein, then R-GP and R-Gproj are closed under taking kernels.
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able ﬁnitely generated Gorenstein-projective modules. We refer to [B] and [BR] for some properties
of this class of algebras, and to [Chen] and [LZ1] for the criteria of CM-ﬁniteness of Gorenstein Aritn
algebras.
For a CM-ﬁnite algebra A, let G1, . . . ,Gm be all the pairwise non-isomorphic indecomposable
ﬁnitely generated Gorenstein-projective A-modules, and G =⊕1im Gi . Put Gp(A) := (EndA(G))op .
Theorem 3.15. Let A be a CM-ﬁnite Gorenstein Artin algebra with inj.dim A A = n. Then we have
(i) If n 2 then gl.dimGp(A) = n; and if n = 0,1, then gl.dimGp(A) 2.
(ii) We have triangle-equivalence Dbgp(A-mod) ∼= Db(Gp(A)-mod).
(iii) dim Db(A-mod) dim Dbgp(A-mod)
{
n, if n 2,
2, if n = 0,1.
Proof. (i) Since A-mod is Krull–Schmidt, it follows that A-Gproj = add(G), where add(G) is the
full subcategory of A-mod of direct summands of ﬁnite direct sums of G . Note that HomA(G,−) :
add(G) −→ Gp(A)-proj is an equivalence (see e.g. [ARS, p. 33]). Thus, a projective presentation of
Y ∈ Gp(A)-mod is of the form HomA(G,G1) φ∗−→ HomA(G,G0) −→ Y −→ 0 with φ : G1 −→ G0 in
add(G). Consider the exact sequences
0 −→ Kerφ −→ G1 φ−→ G0 −→ Cokerφ −→ 0 (∗)
and
0 −→ HomA(G,Kerφ) −→ HomA(G,G1) φ∗−→ HomA(G,G0) −→ Y −→ 0. (∗∗)
If n ∈ {0,1,2}, then A is 2-Gorenstein. By Lemma 3.14(ii) Kerφ is Gorenstein-projective, and
from (∗∗) we see that proj.dim Y  2. Thus gl.dimGp(A) 2.
If n 3, then by Lemma 3.7, Kerφ has a proper Gorenstein-projective resolution
0 −→ En −→ · · · −→ E0 −→ Kerφ −→ 0.
So we have an exact sequence
En−3
∂n−3−→ · · · −→ E0 −→ G1 −→ G0.
By Lemma 3.14(ii) Ker ∂n−3 is Gorenstein-projective. So, Kerφ has a proper Gorenstein-projective res-
olution
0 −→ Ker ∂n−3 −→ En−3 ∂n−3−→ · · · −→ E0 −→ Kerφ −→ 0.
Applying HomA(G,−) we see that proj.dimHomA(G,Kerφ)  n − 2. It follows from (∗∗) that
proj.dim Y  n. Thus gl.dimGp(A) n.
To ﬁnish the proof, it suﬃces to prove that if n 2, then there exists a ﬁnitely generated A-module
M such that proj.dimHomA(G,M) = n. We ﬁrst claim that there is a ﬁnitely generated A-module M
admitting a proper Gorenstein-projective resolution of minimal length n. Otherwise, by Lemma 3.7
each ﬁnitely generated A-module X has a proper Gorenstein-projective resolution 0 −→ Gn−1 dn−1−→
· · · −→ G0 d0−→ X −→ 0, then ExtnA(X, A) = Ext1A(Gn−1, A) = 0, which contradicts with the assumption
inj.dim A A = n.
N. Gao, P. Zhang / Journal of Algebra 323 (2010) 2041–2057 2053So, there is a ﬁnitely generated A-module M admitting a proper Gorenstein-projective resolution
of minimal length n, say, such a resolution is 0 −→ Gn dn−→ · · · −→ G0 −→ M −→ 0, then we get
a projective resolution
0 −→ HomA(G,Gn) dn∗−→ · · · −→ HomA(G,G0) −→ HomA(G,M) −→ 0.
If dn∗ splits, then there is f : Gn−1 −→ Gn such that f∗dn∗ = IdHomA (G,Gn) . Taking a surjective A-map
g : G ⊕ · · · ⊕ G −→ Gn , we see that g = f dn g , and hence f dn = IdGn . This contradicts with the mini-
mality of n. This proves proj.dimHomA(G,M) = n.
(ii) By Corollary 3.8 and the equivalence HomA(G,−) : A-Gproj −→ Gp(A)-proj we have triangle-
equivalences
Dbgp(A-mod) ∼= Kb(A-Gproj ) ∼= Kb
(Gp(A)-proj)∼= Db(Gp(A)-mod).
(iii) By Remark in 2.4, it remains to prove the right-hand side of the inequality. It follows from (ii)
that dim Dbgp(A-mod) = dim Db(Gp(A)-mod)  l.dimGp(A), where the last inequality follows from
Proposition 2.6 in Krause and Kussin [KK]. 
Remark 3.16. (i) Note that for a ﬁnite-dimensional algebra A, there holds
dim Db(A-mod)min
{
rep.dim A, LL(A) − 1, gl.dim A}
where rep.dim A and LL(A) are respectively the representation dimension and the Loewy length of A
[Ro,KK]. See [O] for the more information on this topics.
(ii) Recently, Han [Han] proved that if A is a representation-ﬁnite Artin algebra (i.e., A admits
only ﬁnitely many indecomposable modules), then dim Db(A-mod)  1. While by [CYZ] for a ﬁnite-
dimensional algebra A over an algebraically closed ﬁeld, dim Db(A-mod) = 0 if and only if A is an
iterated tilted algebra of Dynkin type.
Using these two results, for n = 0,1 in Theorem 3.15(iii) we have the following more precise
information.
If A is a ﬁnite-dimensional representation-ﬁnite self-injective algebra over an algebraically closed
ﬁeld, then A is a CM-ﬁnite Gorenstein algebra with inj.dim A A = 0, and dim Db(A-mod) = 1.
Let A be a hereditary algebra. Then A is a CM-ﬁnite Gorenstein algebra with inj.dim A A = 1, and
Db(A-mod) = Dbgp(A-mod). In this case we have dim Db(A-mod) = 0 if A is representation-ﬁnite, and
dim Db(A-mod) = 1 if A is representation-inﬁnite.
4. Gorenstein derived equivalences
4.1. Recall that two rings A and B are derived equivalent if there is a triangle-equivalence Db(A-Mod) ∼=
Db(B-Mod).
We say that A and B are Gorenstein derived equivalent (via F ), if there is a triangle-equivalence
F : Dbgp(A-Mod) ∼= Dbgp(B-Mod).
Theorem 4.1. Let A and B be CM-ﬁnite Gorenstein Artin algebras. Then A and B are Gorenstein derived equiv-
alent if and only if Gp(A) and Gp(B) are derived equivalent.
Proof. Let G1, . . . ,Gm be all the pairwise non-isomorphic indecomposable ﬁnitely generated Goren-
stein-projective A-modules. By deﬁnition Gp(A) := (EndA(⊕1im Gi))op . We claim that
HomA(
⊕
1im Gi,−): A-Gproj ∼= Gp(A)-proj induces a triangle-equivalence Kb(A-GP) ∼=
Kb(Gp(A)-P).
In fact, since A is a CM-ﬁnite Gorenstein Artin algebra, by Main Theorem in [Chen] each
Gorenstein-projective module is a direct sum of ﬁnitely generated Gorenstein-projective modules.
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1im Gi is ﬁnitely generated, HomA(
⊕
1im Gi,−) : A-Mod −→ Gp(A)-Mod preserves ar-
bitrary direct sums, and hence the equivalence HomA(
⊕
1im Gi,−) : A-Gproj ∼= Gp(A)-proj induces
an equivalence A-GP ∼= Gp(A)-P . The latter induces an equivalence Kb(A-GP) ∼= Kb(Gp(A)-P),
which is clearly a triangle functor.
Now by Corollary 3.8, A and B are Gorenstein derived equivalent if and only if there is a triangle-
equivalence Kb(A-GP) ∼= Kb(B-GP); if and only if there is a triangle-equivalence Kb(Gp(A)-P) ∼=
Kb(Gp(B)-P) by the claim above; if and only if Gp(A) and Gp(B) are derived equivalent, by Theo-
rem 6.4 in [Ric1]. 
Remark. By translating Theorem 6.4 of Rickard [Ric1] to the context of Theorem 4.1, the following are
equivalent:
(i) A and B are Gorenstein derived equivalent;
(ii) Kb(A-GP) and Kb(B-GP) are equivalent as triangulated categories;
(iii) K−(A-GP) and K−(B-GP) are equivalent as triangulated categories;
(iv) Kb(A-Gproj) and Kb(B-Gproj) are equivalent as triangulated categories;
(v) Gp(B) is isomorphic to End(E•), where E• ∈ Kb(A-Gproj) satisfying
(a) Hom(E•, E•[i]) = 0, ∀i = 0,
(b) add(E•) generates Kb(A-Gproj) as a triangulated category, where add(E•) is the full subcat-
egory of Kb(A-Gproj) of direct summands of ﬁnite direct sums of E• (i.e., Kb(A-Gproj) is
exactly the smallest triangulated subcategory of Kb(A-Gproj) containing add(E•)).
4.2. For ﬁnite-dimensional algebras we have
Proposition 4.2. Let A and B be ﬁnite-dimensional algebras which are Gorenstein derived equivalent via F .
Then the restriction of F to Kb(A-GP) gives a triangle-equivalence Kb(A-GP) ∼= Kb(B-GP).
Proof. By the lemma below if X• ∈ Kb(A-GP) then F (X•) ∈ Kb(B-GP). From this the assertion fol-
lows. 
Lemma 4.3. Let A be a ﬁnite-dimensional algebra. Let X• ∈ Dbgp(A-Mod). Then X• is isomorphic in
Dbgp(A-Mod) to a complex in K
b(A-GP) if and only if for each Y • ∈ Dbgp(A-Mod), there is anm =m(Y •) ∈ Z
such that HomDbgp(A-Mod)(X
•, Y •[i]) = 0 for each i m.
Proof. Assume that there is an isomorphism X• ∼= G• ∈ Kb(A-GP) in Dbgp(A-Mod). For each Y • ∈
Dbgp(A-Mod), since both G
• and Y • are bounded complexes, it follows that there is an m =m(Y •) ∈ Z
such that HomKb(A-Mod)(G
•, Y •[i]) = 0 for each i m. Then by Proposition 2.8 we have
HomDbgp(A-Mod)
(
X•, Y •[i])∼= HomDbgp(A-Mod)(G•, Y •[i])
∼= HomKb(A-Mod)
(
G•, Y •[i])= 0, ∀i m.
Conversely, assume that for each Y • ∈ Dbgp(A-Mod), there is an m = m(Y •) ∈ Z such that
HomDbgp(A-Mod)(X
•, Y •[i]) = 0 for each i m. By Proposition 3.4(ii) there is a GP-quasi-isomorphism
G• −→ X• with G• ∈ K−,gpb(A-Mod). So, by deﬁnition there is an n ∈ Z such that HiHomA(E,G•) =
0, ∀i  n, ∀E ∈ A-GP . In order to prove the assertion, it suﬃces to prove the claim: there exists
an integer j0 with j0  n, such that the kernel of d j0 : G j0 −→ G j0+1 is Gorenstein-projective. As-
sume that this claim is true. Since j0  n, H jHomA(E,G•) = 0, ∀ j  j0, ∀E ∈ A-GP , hence we have a
GP-quasi-isomorphism
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f •
G j0−2 G j0−1 G j0 G j0+1 · · ·
τ j0−1G•: · · · 0 Kerd j0 G j0 G j0+1 · · ·
Since by assumption Kerd j0 is Gorenstein-projective, we have isomorphisms in D−gp(A-Mod):
X• ∼= G• ∼= τ j0−1G• ∈ Kb(A-GP),
and hence we have a desired isomorphism in Dbgp(A-Mod): X ∼= τ j0−1G• ∈ Kb(A-GP).
Assume that the claim is not true, i.e., for each j  n, Kerd j is not Gorenstein-projective. Put Y :=⊕
jn Kerd
j ∈ A-Mod. Let i be an arbitrary integer with −i + 1  n. Since H−i+1HomA(E,G•) = 0,
∀E ∈ A-GP , it follows that Kerd−i+1 = Imd−i (for example, one can see this by taking E = A A), and
that Imd−i is a direct summand of Y . Denote the composition G−i d
−i−→ Imd−i ↪→ Y by f . Then clearly
f ∈ Ker(HomA(G−i, Y ) HomA(d
−i−1,Y )−→ HomA(G−i−1, Y )). But
f /∈ Im(HomA(G−i+1, Y ) HomA(d−i ,Y )−→ HomA(G−i, Y )) :
otherwise one can easily see that the inclusion Kerd−i+1 ↪→ G−i+1 splits, and hence Kerd−i+1 is
Gorenstein-projective, contrary to the assumption. Thus Hi HomA(G•, Y ) = 0 for i with −i + 1 n.
It follows that for each i max{−n + 1,m(Y )}, we have
HomDbgp(A-Mod)
(
X•, Y [i])∼= HomD−gp(A-Mod)(G•, Y [i])
∼= HomK−(A-Mod)
(
G•, Y [i])
= Hi HomA
(
G•, Y
) = 0,
which contradicts the assumption on m(Y ). This completes the proof. 
4.3. Example. Let A = k[x]/〈x2〉 with k a ﬁeld. Then T2(A) =
( A A
0 A
)
has 9 ﬁnite-dimensional indecom-
posable modules (see [ARS, p. 226]):
G1 =
( S
0
)
, G2 =
( A
0
)
, G3 =
( S
S
)
, G4 =
( A
S
)
, G5 =
( A
A
)
id,
( 0
A
)
,
( S
A
)
,
( 0
S
)
,
( A
A
)
x,
where Gi , 1  i  5, are Gorenstein-projective (see Beligiannis and Reiten [BR, p. 101]. We refer to
[LZ2] for a construction of Gorenstein-projective modules). Put G = ⊕1i5 Gi . Then EndT2(A)(G) is
given by the quiver
· ·
· ·
·
1
π
2
σ
3
α
β
θ
4
γ
5
ξ
η









		
		
		
		








2056 N. Gao, P. Zhang / Journal of Algebra 323 (2010) 2041–2057with relations σπ , βα − ξσ , θβ , ηγ β . Note that T2(A) is 1-Gorenstein, by Theorem 3.15 we have
gl.dimGp(T2(A)) = 2; by Corollary 3.8 we have triangle-equivalences
Dbgp
(
T2(A)-mod
)∼= Kb(add(G))∼= Db(Gp(T2(A))-mod);
and by Theorem 4.1 a CM-ﬁnite Gorenstein algebra Λ is Gorenstein derived equivalent to T2(A) if and
only if Gp(Λ) is derived equivalent to Gp(T2(A)).
Final Remark. All the results in this paper have dual versions, by replacing the Gorenstein-projectives
by the Gorenstein-injectives, with an exception that in general, over a ring there may be no ﬁnitely
generated Gorenstein-injective modules.
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